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Abstract
By diagonalizing the three-string vertex and using a special coordinate representation
the matter part of the open superstring star is identified with the continuous Moyal product
of functions of anti-commuting variables. We show that in this representation the identity
and sliver have simple expressions. The relation with the half-string fermionic variables in
continuous basis is given.
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1 Introduction
During the last year it has been realized that the vacuum string field theory (VSFT) equations of
motion [1]-[5] are similar to the non-commutative soliton equations in the large non-commutativity
limit [6]. Soliton equations in this limit are just projector-like equations. Solutions of these
equations are obtained immediately using an identification of fields with symbols of operators so
that a non-local Moyal product of two fields corresponds to an operator product. To find solutions
of VSFT matter equation of motion
|Φ〉 ∗ |Φ〉 = |Φ〉,
where ∗ is the Witten star product [7], it is also useful to identify the string field functionals with
the symbols of operators or with matrices (see [8] for a review). Half-string formalism is rather
suitable for this purpose [3],[9]. The Witten ∗ and Moyal ∗ were first identified by Bars using the
half-string formalism [10],[11].
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Recently, it has been shown by Douglas, Liu, Moore and Zwiebach [12] that the open string
star product in the zero momentum sector can be described as a continuous tensor product of
mutually commuting two-dimensional Moyal star products. Non-zero momentum case has been
studied in [13]. A continuous parameter κ parameterizing components of the continuous tensor
product is nothing but a parameter specifying the eigenvalues of the Neumann matrices of the
three-string vertex operator. The three-string Neumann matrices can be diagonalized [14], [15]
and there is a basis of oscillators [12] in which the three-string vertex has a simple form
|V 〉123 = exp
[
−
∫ ∞
0
dκ (1
2
µ(κ)(o1 †κ o
1 †
κ + e
1 †
κ e
1 †
κ ) + µs(κ)(o
1 †
κ o
2 †
κ + e
1 †
κ e
2 †
κ )
+ iµa(κ)(e
1 †
κ o
2 †
κ − o1 †κ e2 †κ ) + cyc. per.)
]
|0〉123. (1.1)
A crucial observation [12] is that each factor in (1.1) is a two-dimensional Moyal product in the
oscillator representation with a parameter of noncommutativity depending on κ. Indeed, the
Moyal product with a parameter of noncommutativity θ of functions f and g of two-dimensional
variables x
(f ∗ g)(x3) ≡
∫
dx1dx2 K(x1, x2, x3) f(x1)g(x2),
can be rewritten in the oscillator basic as |f ∗ g〉3 = 1〈f |2〈g|V M3 〉123, with |V M3 〉123 given by
|V M3 〉123 = exp
[
−1
2
m(θ)(o1 †o1 † + e1 †e1 †)−ms(θ)(o1 †o2 † + e1 †e2 †)
− ima(θ)(o1 †e2 † − e1 †o2 †) + cyc. per.
]
|0〉123. (1.2)
Here m(θ), ms(θ), and ma(θ) are given functions of the parameter of noncommutativity and
ai = (ei, oi) are oscillators corresponding to two-dimensional Moyal coordinates xi = (qi, pi)
(i = 1, 2, 3). One gets this representation using a standard formula for an eigenvector of the
operator of coordinate in the oscillator representation
〈x| = 〈0| exp[−1
2
x · x+ i
√
2 a · x+ 1
2
a · a]. (1.3)
In [12] it has been observed that the components of the three-string vertex (1.1) have the form (1.2)
for each κ, since µ(κ(θ)) = m(θ), µs(κ(θ)) = ms(θ) and µa(κ(θ)) = ma(θ) for θ(κ) = 2 tanh(
piκ
4
).
The purpose of the present paper is a generalization of this result to the case of the matter
sector of the Neveu-Schwarz superstring. The Neveu-Schwarz superstring star algebra and its pro-
jectors have been studied in [16]-[20]. The spectroscopy problem of Neumann matrices has been
solved by Marino and Schiappa [17], see also appendix of [19] for a discussion of orthonormality
and completeness of Neumann matrices eigenvectors. Note, that it is reasonable from the very
beginning to expect a modification of an analog of formula (1.3) specifying a suitable coordinate
representation for definition of the star product as a Moyal product, since supersting overlaps
have a more complicated form in comparison with the bosonic string overlaps (due to half-integer
3
weights).
We begin in section 2 by reminding the Moyal product for the functions of anti-commuting
variables (see for example [21], [22]). In section 3 we diagonalize the three-string matter vertex.
In section 4 we identify the matter part of open superstring star with a continuous Moyal prod-
uct. An essential difference from the bosonic case is a non-trivial dependence of the coordinate
representation on κ parameter. Namely, the coordinate representation is
〈η| ≡ 〈0| exp
[∫ ∞
0
dκ (
1
4
f˜(κ)ηκ,α ǫαβ ηκ,β + ηκ,α cαβ ψκ,β +
1
2
τ(κ)ψκ,α ǫαβ ψκ,β)
]
, (1.4)
where ηκ,α = (ηκ,e, ηκ,o) and ψκ,α = (eκ, oκ) are two-dimensional vectors of anti-commuting vari-
ables, f˜(κ) and τ(κ) are functions of κ and ǫαβ and cαβ are defined in (3.20) and (3.13). In
section 5 we rewrite the Neveu-Schwarz matter identity and sliver in this coordinate representa-
tion. In section 6 we give a relationship between the Moyal basis and the half-string fermionic
variables. In section 7 we finish by giving an identification of the Moyal structures for some special
Neveu-Schwarz superghost vertices.
2 Moyal product of functions of anti-commuting variables
Here we describe the Moyal product for functions of anti-commuting variables r and s, {r, s} = 0.
Let us consider a pair of operators qˆ, pˆ, satisfying the anti-commutation relations
{qˆ, pˆ} = θ, {qˆ, qˆ} = 0, {pˆ, pˆ} = 0, (2.1)
and the Weyl operators depending on the anti-commuting variables r and s
U(r, s) = exp(irqˆ + ispˆ). (2.2)
These operators satisfy the identity
U(r1, s1)U(r2, s2) = U(r1 + r2, s1 + s2) exp
[θ
2
(s1r2 + r1s2)
]
. (2.3)
If a function f(q, p) of two anti-commuting variables q, p is given in terms of its Fourier transform
f(q, p) =
∫
dsdr exp(−iqr − ips)f˜(r, s), (2.4)
then one can associate it with an operator fˆ by the following formula
fˆ =
∫
dsdr U(r, s)f˜(r, s). (2.5)
This procedure represents the Weyl quantization and the function f(q, p) is the symbol of the
operator fˆ (see for example [22],[23]). One has a correspondence
fˆ ←→ f = f(q, p) (2.6)
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If two operators fˆ1 and fˆ2 are given by symbols f1(q, p) and f2(q, p) then the symbol of product
fˆ1fˆ2 is given by the Moyal product (f1 ∗ f2)(q, p). One has
fˆ1(pˆ, qˆ)fˆ2(pˆ, qˆ) =
∫
ds1dr1ds2dr2 U(r1, s1)U(r2, s2)f˜1(r
1, s1)f˜2(r
2, s2)
≡
∫
ds3dr3 U(r3, s3)(f˜1 ∗ f2)(r3, s3). (2.7)
Define k = (r, s), dk = dsdr and Θαβ =
(
0 θ
θ 0
)
. In terms of these notations one finds
(f˜1 ∗ f2)(k3) =
∫
dk4 exp
[1
2
Θαβ k
4
αk
3
β
]
f˜1(k
4 +
1
2
k3)f˜2(−k4 + 1
2
k3). (2.8)
Introducing notations x = (q, p) and dx = dpdq and taking into account that
f˜(k) =
∫
dx exp(ixk)f(x), f(x) =
∫
dk exp(−ixk)f˜(k), (2.9)
one can rewrite (2.8) in terms of Fourier components
(f1 ∗ f2)(x3) =
∫
dk3 exp(−ix3k3)(f˜1 ∗ f2)(k3) ≡
∫
dx1dx2 K(x1, x2, x3)f1(x
1)f2(x
2). (2.10)
Integrating one gets the following expression for the kernel K:
K(x1, x2, x3) =
θ2
4
exp[2(x2 − x3)αΘ−1αβ (x3 − x1)β]. (2.11)
Notice a similarity of this formula with a corresponding bosonic formula [12]. One finds
{q, p}∗ = θ. (2.12)
Also one has limθ→0 f ∗ g = fg.
3 Open superstring star in the continuous oscillator basis
3.1 Review of spectroscopy of the vertices
The commuting real symmetric matrices Frs and (CF˜ )rs (twist matrix Crs = (−1)r+
1
2 δrs, r, s ≥ 12)
that specify the Neveu-Schwarz vertices have the common set of eigenvectors vs(κ) which are
labelled by a continuous parameter κ ∈ (−∞,∞),∑
s≥
1
2
Frsvs(κ) = f(κ)vr(κ),
∑
s≥
1
2
(CF˜ )rsvs(κ) = f˜(κ)vr(κ). (3.1)
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and are given by the generating function [17]
fκ(z) =
∑
r≥
1
2
vr(κ)z
r+
1
2 = N (κ)−12 z√
1 + z2
exp(−κ arctan(z)), (3.2)
with normalization factor N (κ) = 2 cosh (piκ
2
)
[19]. The eigenvalues are given by [17]
f(κ) = − 1
cosh(piκ
2
)
= −1− τ
2(κ)
1 + τ 2(κ)
, f˜(κ) = − tanh
(πκ
2
)
= − 2τ(κ)
1 + τ 2(κ)
, (3.3)
where τ(κ) = tanh(piκ
4
). The twist matrix Crs acts on eigenvectors as follows∑
s≥
1
2
Crsvs(κ) = −vr(−κ). (3.4)
and therefore odd and even components of the eigenvectors satisfy the relations
vro(−κ) = vro(κ), vre(−κ) = −vre(κ). (3.5)
Here we defined even re = 2n − 12 and odd ro = 2n − 32 indices (n ≥ 1). The eigenvectors vr(κ)
are orthogonal and complete [19]
∑
r≥
1
2
vr(κ1)vr(κ2) = δ(κ1 − κ2),
∫ ∞
−∞
dκ vr(κ)vs(κ) = δrs. (3.6)
3.2 Diagonalization of the vertex
As in the bosonic case [12],[13], instead of usual Neveu-Schwarz matter oscillators (ψr, ψ
†
r = ψ−r,
r ≥ 1
2
) it is convenient to introduce the continuous oscillators (Lorentz index is omitted)
ψ˜κ =
∑
r≥
1
2
vr(κ)ψr, ψ˜
†
κ =
∑
r≥
1
2
vr(κ)ψ
†
r. (3.7)
Due to anti-commutation relations {ψr, ψ†s} = δrs the continuous oscillators satisfy the following
anti-commutation relation
{ ψ˜κ, ψ˜†κ′} = δ(κ− κ′). (3.8)
The inverse of relations (3.7) are
ψr =
∫ ∞
−∞
dκ vr(κ)ψ˜κ, ψ
†
r =
∫ ∞
−∞
dκ vr(κ)ψ˜
†
κ. (3.9)
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Using the equations (A.3), (3.9) and the completeness relations (3.6) the three-string vertex [24]
|V3〉123 = exp
[1
2
3∑
a,b=1
∑
r,s≥
1
2
ψa †r (CM
ab)rsψ
b †
s
]
|0〉123 (3.10)
can be rewritten in the continuous basis
|V3〉123 = exp
[1
2
3∑
a,b=1
∫ ∞
−∞
dκ µab(κ)Cψ˜† aκ ψ˜
† b
κ
]
|0〉123. (3.11)
Here the twist operator C acts in the continuous basis as follows: Cψ˜†κ = −ψ˜†−κ. Let us introduce
even and odd continuous oscillators e†κ and o
†
κ with respect to C conjugation
e†κ =
1√
2
(ψ˜†κ + Cψ˜
†
κ) =
√
2
∑
re
vre(κ)ψ
†
re
, ψ†re =
√
2
∫ ∞
0
dκ vre(κ) e
†
κ, (3.12a)
o†κ =
1√
2
(ψ˜†κ − Cψ˜†κ) =
√
2
∑
ro
vro(κ)ψ
†
ro
, ψ†ro =
√
2
∫ ∞
0
dκ vro(κ) o
†
κ. (3.12b)
In this basis the twist C matrix has a diagonal form
cαβ =
(
1 0
0 −1
)
. (3.13)
Define the two dimensional variable ψ†κ,α = (e
†
κ, o
†
κ). In these notations the anti-commutation
relation (3.8) takes the form
{ψκ,α, ψ†κ′,β} = δαβδ(κ− κ′), κ, κ′ > 0. (3.14)
Note that Cψκ,α = cαβψκ,β. The BPZ conjugation of ψ−r and ψr are given by (bpz
2 = 1)
bpz(ψ−r) = (−1)−r+
1
2ψr, bpz(ψr) = (−1)r−
1
2ψ−r, r ≥ 12 . (3.15)
The BPZ conjugation does not change ordering bpz(ψ−rψ−s) = bpz(ψ−r)bpz(ψ−s). Using (3.15)
one finds the following BPZ conjugation of the continuous oscillators
bpz(ψ†κ,α) = −cαβψκ,β, bpz(ψκ,α) = −cαβψ†κ,β. (3.16)
Using the relations e†−κ = −e†κ and o†−κ = o†κ one can rewrite the three-string vertex (3.11) in terms
of oscillators ψ†κ,α = (e
†
κ, o
†
κ) as
|V3〉123 = exp
[1
2
∫ ∞
0
dκ ψa †κ,αV
ab
κ,αβψ
b †
κ,β
]
|0〉123, (3.17)
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where V abκ,αβ is 6× 6 matrix defined by
V abκ,αβ = µ(κ) ǫαβ ⊗ δab + µa(κ) cαβ ⊗ χab + µs(κ) ǫαβ ⊗ εab; (3.18)
µ ≡ µ11 = τ 1− τ
2
1 + 3τ 2
, µs ≡ 1
2
(µ12 + µ21) = −τ 1 + τ
2
1 + 3τ 2
, µa ≡ 1
2
(µ12 − µ21) = 1 + τ
2
1 + 3τ 2
. (3.19)
Also we use the notations of [28]
χab =

 0 1 −1−1 0 1
1 −1 0

 , εab =

0 1 11 0 1
1 1 0

 , ǫαβ =
(
0 1
−1 0
)
. (3.20)
Here and further the summation over a, b = 1, 2, 3 is assumed.
3.3 Diagonalization of the identity and sliver
For the identity and sliver one finds the following expressions in the continuous basis
|I〉 = exp
[1
2
∑
r,s≥
1
2
ψ†rIrsψ
†
s
]
|0〉 = exp
[
−
∫ ∞
0
dκ τ(κ)e†κo
†
κ
]
|0〉, (3.21)
|Ξ〉 = exp
[1
2
∑
r,s≥
1
2
ψ†r(CT )rsψ
†
s
]
|0〉 = exp
[∫ ∞
0
dκ T (κ)e†κo
†
κ
]
|0〉, (3.22)
where T (κ) = exp(−1
2
πκ) =
1− τ(κ)
1 + τ(κ)
. NI and NΞ are defined to be the norms of the surface
states
NI ≡ 〈I|I〉 = (det(1 + (CI)2))
1
2 and NΞ ≡ 〈Ξ|Ξ〉 = (det(1 + T 2))
1
2 . (3.23)
Actually these norms are infinite and the inclusion of ghost sector will apparently cancel the
singularities. A similar problem in the bosonic case is discussed for example in [28].
4 Identification of Moyal structures
In this section we identify the Moyal structures in the three-string vertex by finding an appropriate
coordinate representation. In the first subsection we introduce the coordinate representation and
find the partition of unity. In the second subsection we use this coordinate representation for
identification of the three-string star with the Moyal product of functions of anti-commuting
variables introduced in section 2.
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4.1 Coordinate representation
Introduce the following continuous coordinate representation
〈η| ≡ 〈0| exp
[∫ ∞
0
dκ (
1
4
f˜(κ)ηκ,α ǫαβ ηκ,β + ηκ,α cαβ ψκ,β +
1
2
τ(κ)ψκ,α ǫαβ ψκ,β)
]
, (4.1)
where ηκ,α = (ηκ,e, ηκ,o) are anti-commuting variables. Actually these variables can be rescaled.
We choose a fixed scale. The BPZ conjugated state bpz(〈η|) ≡ |η〉 is given by (use (3.16))
|η〉 = exp
[∫ ∞
0
dκ (
1
4
f˜(κ)ηκ,α ǫαβ ηκ,β − ηκ,α δαβ ψ†κ,β −
1
2
τ(κ)ψ†κ,α ǫαβ ψ
†
κ,β)
]
|0〉. (4.2)
The states 〈η| are eigenstates of the operators
ηˆκ,e = e
†
κ + τ(κ)oκ, ηˆκ,o = τ(κ)eκ − o†κ, (4.3a)
with eigenvalues ηκ,e and ηκ,o. Also
{ηˆκ,α, ηˆ†κ′,β} = θ(κ)δαβ δ(κ− κ′), (4.4)
where θ(κ) = 1 + τ 2(κ). To understand a meaning of the coordinates ηκ,α it is useful to rewrite
them in the discrete basis:
η˜κ =
∑
r≥
1
2
vr(κ)ηr, (4.5a)
ηκ,e =
1√
2
(η˜κ + Cη˜κ) =
√
2
∑
re
vre(κ)ηre , (4.5b)
ηκ,o =
1√
2
(η˜κ − Cη˜κ) =
√
2
∑
ro
vro(κ)ηro . (4.5c)
In terms of these discrete variables the coordinate representation (4.2) takes the form
|η〉 = exp
[ 1
4
∑
r,s≥
1
2
ηr F˜rs ηs −
∑
r≥
1
2
ηr ψ
†
r +
1
2
∑
r,s≥
1
2
ψ†r Irs ψ
†
s
]
|0〉. (4.6)
One sees that |η〉 has an interpretation of a coherent state over the identity surface state. One
finds
〈η|λ〉 = NI exp
[∫ ∞
0
dκ
1
θ(κ)
ηκ,α cαβ λκ,β
]
= NI exp
[ 1
2
∑
r,s≥
1
2
ηr ((1− F )C)rs λs
]
. (4.7)
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This provides the following partition of unit operator in continuous and discrete basis:
1 = NI
∫
dη dλ exp
[∫ ∞
0
dκ
1
θ(κ)
ηκ,α cαβ λκ,β
]
|η〉〈λ|; (4.8a)
1 = NI
∫
dη dλ exp
[ 1
2
∑
r,s≥
1
2
ηr ((1− F )C)rs λs
]
|η〉〈λ|, (4.8b)
where dη ≡∏
r≥
1
2
dηr.
4.2 Open superstring star as a continuous Moyal product
In this subsection we insert two partitions of unity (4.8) in the three-string star product and
identify it with the Moyal product of functions of anti-commuting variables introduced in section
2. The string field functional corresponding to string field |Ψ〉 is given by Ψ(η) ≡ 〈η|Ψ〉 = 〈Ψ|η〉.
Inserting two partitions of unity (4.8) in the three-string star product
|Ψ1 ∗Ψ2〉3 = 1〈Ψ1|2〈Ψ2|V3〉123 (4.9)
and multiplying it with 〈η3| one obtains
〈η3|Ψ1 ∗Ψ2〉 = N 2I
∫ ∏
a=1,2
dηa dλa 〈Ψa|ηa〉 exp
[∫ ∞
0
dκ
1
θ(κ)
ηaκ,α cαβ λ
a
κ,β
]
K(λ1, λ2, η3)
=
∫
dη1 dη2Ψ1(η1)Ψ2(η2)K˜(η1, η2, η3). (4.10)
Here the kernel K(η1, η2, η3) is given by
K(η1, η2, η3) ≡ 1〈η1|2〈η2|3〈η3|V3〉123 = NK exp
[1
2
∫ ∞
0
dκ
1
θ(κ)
ηaκ,α cαβ ⊗ χab ηbκ,β
]
, (4.11)
where normalization NK is of the form
NK =
[
det
(
1
4
(1− F )2(2 + F ))]−12 . (4.12)
Integration over λ1 and λ2 in (4.10) yields
K˜(η1, η2, η3) = NKN 2I
∫
dλ1 dλ2 exp
[∫ ∞
0
dκ
1
θ(κ)
(
∑
a=1,2
ηaκ,α cαβ λ
a
κ,β)
]
× exp
[∫ ∞
0
dκ
1
θ(κ)
(λ1κ,α cαβ λ
2
κ,β + λ
2
κ,α cαβ η
3
κ,β + η
3
κ,α cαβ λ
1
κ,β)
]
= K(−η1, η2, η3). (4.13)
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Finally one finds
(Ψ1 ∗Ψ2)(η3) =
∫
dη1 dη2Ψ1(η1)Ψ2(η2)K(−η1, η2, η3)
=
∫
dη1 dη2Ψ1(−η1)Ψ2(η2)K(η1, η2, η3). (4.14)
Note that there is a minus sign in the argument of functional Ψ1 in the last line of (4.14). This is a
mild (up to a sign) associativity anomaly which was found in [25] and has been recently discussed
in [17]. Note that this anomaly exist only in the GSO− sector. The star product is associative in
the GSO+ sector.
For the identification with the Moyal product obtained in section 2 instead of ηκ,α = (ηκ,e, ηκ,o)
it is relevant to use the anti-commuting variables xκ = (qκ, pκ)
qκ =
1
2
(ηκ,e + ηκ,o), pκ =
1
2
(ηκ,e − ηκ,o). (4.15)
In terms of these variables the kernel (4.11) takes the form
K(x1, x2, x3) ≡ K(η1, η2, η3) = exp
[∫ ∞
0
dκ
2
θ(κ)
qaκ χ
ab pbκ
]
. (4.16)
Up to normalization this coincides for every κ with the Moyal kernel (2.11). Further we will also
use the notation 〈x| instead of 〈η| (〈x| ≡ 〈η|). Note also that
{qκ, pκ′}∗ = θ(κ)δ(κ− κ′). (4.17)
5 Sliver, identity and wedge states
Now we are going to rewrite the well known star algebra projectors, the identity (3.21) and sliver
(3.22), in the xκ = (pκ, qκ) basis. In the coordinate representation the sliver is given by
〈x|Ξ〉 = (det(1 + CIT ))12 exp
[∫ ∞
0
dκ
2
θ(κ)
qκpκ
]
. (5.1)
One expects this answer since f(x) = 1
2
exp( 2
θ
qp ) is a projector with respect to the Moyal product
of functions of anti-commuting variables (2.10). In the coordinate representation the identity is
given by
〈x|I〉 = NI . (5.2)
This is also an expected answer since f(x) = 1 is a projector of the Moyal product (2.10). So we
found that up to normalization the sliver and identity in the coordinate representation are the
projectors with respect to the Moyal product.
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A few comment on wedge states. It is known that the star algebra has a subalgebra of the
wedge states |n〉, n ≥ 1 with the multiplication rule [2] 1
|n〉 ∗ |m〉 = |n+m− 1〉, (5.3)
where |1〉 corresponds to the identity |I〉 and |2〉 corresponds to the Neveu-Schwarz superstring
vacuum |0〉. The wedge states subalgebra has a natural interpretation in terms of the Moyal
product of wedge states in coordinate representation. The ground state and the identity functions
are f 1(x) ≡ 〈x|0〉 and f 0(x) ≡ 〈x|I〉, respectively. It is known that the wedge states |n〉 can be
obtained by multiplying the vacuum n − 1 times, i.e. |n〉 = (|0〉)n−1∗ . In the functional language
fn−1(x) ≡ 〈x|n〉 and one gets a correspondence
|0〉 ∗ |0〉 ∗ ... ∗ |0〉︸ ︷︷ ︸
n−1
= |n〉 ←→ fn−1(x) = f 1 ∗ f 1 ∗ ... ∗ f 1︸ ︷︷ ︸
n−1
(x) (5.4)
for n ≥ 2. This means that there is a subalgebra of algebra with a Moyal product. Basis elements
of this subalgebra are fn(x); f 0(x) is the identity and the multiplication rule is given by
(fn ∗ fm)(x) = fn+m(x). (5.5)
6 Relation with half-string fermionic variables
In this section we give a relationship between the continuous Moyal basis and the half-string
fermionic variables. To work out half-sting fermionic variables it is more convenient to use xκ =
(qκ, pκ) basis. In this basis (4.14) takes the form
(Ψ1 ∗Ψ2)(q3, p3) = NK
∫
dq1 dp1 dq2 dp2 Ψ1(−q1,−p1)Ψ2(q2, p2) exp
[∫ ∞
0
dκ
2
θ(κ)
qaκ χ
ab pbκ
]
.
(6.1)
Often for simplicity we will omit index κ in the coordinates. Performing Fourier transformation
in pκ variable
Ψ(q, u) ≡
∫
dp exp
[∫ ∞
0
dκ pκuκ
]
Ψ(q, p), (6.2)
where dp ≡∏
r≥
1
2
dpr for discrete basis and introducing the notation
Ψ(q, u) ≡ Ψ˜
(
qκ − θ(κ)
2
uκ, qκ +
θ(κ)
2
uκ
)
≡ Ψ˜(ψl, ψr) (6.3)
1For algebraic construction of wedge states for Neveu-Schwarz string see [19].
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one rewrites (6.1) as
(Ψ˜1 ∗Ψ2)(ψl, ψr) =
∫
dp exp
[∫ ∞
0
dκ pκuκ
]
(Ψ1 ∗Ψ2)(q, p) = NH
∫
dξ Ψ˜1(−ψl,−ξ)Ψ˜2(ξ, ψr),
(6.4)
where NH is normalization constant. The operators corresponding to the left and right fermionic
variables ψl and ψr in the oscillator representation are given by
ψˆlκ = qˆκ −
θ(κ)
2
uˆκ =
1√
2
((τ(κ)− 1)ψ˜κ + (τ(κ) + 1)Cψ˜†κ), (6.5a)
ψˆrκ = qˆκ +
θ(κ)
2
uˆκ =
1√
2
((τ(κ) + 1)ψ˜κ − (τ(κ)− 1)Cψ˜†κ). (6.5b)
Here uˆκ =
1
θ(κ)
(ηˆ†κ,e − ηˆ†κ,o). In discrere basis (6.5) takes the form
ψˆlκ = −
1√
2f˜(κ)
((Cψ† + Fψ + F˜ψ†)s + Csr(Cψ + Fψ
† + F˜ψ)r)vs(κ), (6.6a)
ψˆrκ = −
1√
2f˜(κ)
((−Cψ† + Fψ + F˜ψ†)s − Csr(−Cψ + Fψ† + F˜ψ)r)vs(κ). (6.6b)
Formulae (6.6) suggest the following half-string fermionic variables
lr =
1
π
∫ pi
2
−pi
2
dσ e−irσψ(σ), rs =
1
π
∫ pi
2
−pi
2
dσ e−isσiψ(π − σ), (6.7)
such that
lre = ψre + Fre seψ
†
se
+ F˜re soψso , lro = ψro − Fro soψ†so − F˜ro seψse ; (6.8a)
rre = −ψ†re + Fre seψse + F˜re soψ†so , rro = ψ†ro + Fro soψso + F˜ro seψ†se . (6.8b)
In this case the left operator ψˆlκ and the right operator ψˆ
r
κ are expressed in terms of the left and
right fermionic oscillators (6.8)
ψlκ = −
∑
r,s≥
1
2
1√
2f˜(κ)
(lr + Crsl
†
s)vr(κ) and ψ
r
κ = −
∑
r,s≥
1
2
1√
2f˜(κ)
(rr − Crsr†s)vr(κ). (6.9)
This gives a precise relationship between the half-string fermionic variables and the continuous
Moyal basis.
7 Superghost vertex as Moyal kernel
The ghost vertex for the bosonic string was identified with the Moyal product in the bosonized
form in [26], [28] and in non-bosonized form in the Siegel gauge in [27]. The most direct way for
13
an identification of superghost vertex with the Moyal product will be to use the bosonized form
of superghosts and picture changing operator Y−2 = Y (i)Y (−i). However, in this section we use
the non-bosonized language to give a diagonalization of the minus one picture three-string vertex,
which can be identified with the continuous Moyal product in the manner analogous to the one
which was used in the Neveu-Schwarz matter case. Similarly one can define the three-string vertex
in picture minus two, so that the string fields are in picture zero. If all three vacua in the three-
string vertex are in picture minus two then we can define the continuous variables making a shift
in creation and annihilation operators that corresponds to a shift of all vacua from one picture to
another. Such diagonalization is alike the one presented in this section but more cumbersome.
7.1 Diagonalization of vertex
In this subsection we introduce the continuous oscillators and diagonalize the three-string su-
perghost vertex in the minus one picture. The Neveu-Schwarz superghost oscillators satisfy the
following commutation relation and hermitian conjugation properties
[γr, βs] = δr+s,0, γ
†
r = γ−r, β
†
s = −β−s. (7.1)
The minus one picture vacuum is defined so that
γr| − 1〉 = 0, r ≥ 12 , βs| − 1〉 = 0, s ≥ 12 , (7.2)
and 〈−1| − 1〉 = 1. For this vacuum the BPZ conjugation is (bpz2 = 1)
bpz(γ−r) = (−1)−r−
1
2γr, r ≥ 12 , bpz(γr) = (−1)r+
1
2γ−r, r ≥ 12 , (7.3a)
bpz(β−s) = (−1)−s+
3
2βs, s ≥ 12 , bpz(βs) = (−1)s−
3
2β−s, s ≥ 12 . (7.3b)
Let us define oscillators in the continuous basis as follows
β˜†κ =
∑
r≥
1
2
vr(κ)β−r, β˜κ = −
∑
r≥
1
2
vr(κ)βr, (7.4a)
γ˜†κ =
∑
r≥
1
2
vr(κ)γ−r, γ˜κ =
∑
r≥
1
2
vr(κ)γr. (7.4b)
The commutation relations (7.1) in the continuous basis become
[γ˜κ, β˜
†
κ′] = [β˜κ, γ˜
†
κ′] = δ(κ− κ′). (7.5)
The twist operator C acts in the continuous basis as follows: Cβ˜†κ = −β˜†−κ and Cγ˜†κ = −γ˜†−κ. Now
introduce the even and odd under C conjugation oscillators
β†κ,e =
1√
2
(β˜†κ + Cβ˜
†
κ), β
†
κ,o =
1√
2
(β˜†κ − Cβ˜†κ), (7.6a)
γ†κ,e =
1√
2
(γ˜†κ + Cγ˜
†
κ), γ
†
κ,o =
1√
2
(γ˜†κ − Cγ˜†κ). (7.6b)
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We use the following notations: β†κ,α = (β
†
κ,e, β
†
κ,o) and γ
†
κ,α = (γ
†
κ,e, γ
†
κ,o). Using (7.3) one finds the
following BPZ conjugation of the continuous oscillators
bpz(β†κ,α) = −cαββκ,β, bpz(γ†κ,α) = cαβγκ,β. (7.7)
The Neveu-Schwarz superghost three-string vertex in the minus one picture in discrete and con-
tinuous basis is given by
|V˜3〉123 = exp
[ 3∑
a,b=1
∑
r,s≥
1
2
βa−r(CM˜
ab)rsγ
b
−s
]
| − 1〉123; (7.8)
|V˜3〉123 = exp
[∫ ∞
0
dκ β† aκ,αV˜
ab
κ,αβγ
† b
κ,β
]
| − 1〉123. (7.9)
Here V˜ abκ,αβ is 6× 6 matrix of the form
V˜ abκ,αβ = µ˜(κ) ǫαβ ⊗ δab + µ˜a(κ) cαβ ⊗ χab + µ˜s(κ) ǫαβ ⊗ εab; (7.10)
and
µ˜ ≡ µ˜11 = −τ˜ 1− τ˜
2
1 + 3τ˜ 2
, µ˜s ≡ 1
2
(µ˜12 + µ˜21) = τ˜
1 + τ˜ 2
1 + 3τ˜ 2
, µ˜a ≡ 1
2
(µ˜12 − µ˜21) = − 1 + τ˜
2
1 + 3τ˜ 2
,
(7.11)
where τ˜ (κ) = coth
(
piκ
4
)
.
7.2 Identification of Moyal structures
In this subsection we introduce the coordinate representation in which the three-string vertex
becomes the Moyal kernel. We find the partition of unity and identify the Moyal structures.
Introduce the continuous coordinate representation as follows
〈η| = 〈−1| exp
[∫ ∞
0
dκ (
1
2
f˜(κ)ηβκ,α ǫαβ η
γ
κ,β + η
γ
κ,α cαβ βκ,β − ηβκ,α cαβ γκ,β + τ˜ (κ)βκ,αǫαβγκ,β)
]
,
(7.12)
where ηβκ,α = (η
β
κ,e, η
β
κ,o) and η
γ
κ,α = (η
γ
κ,e, η
γ
κ,o). The BPZ conjugated state bpz(〈η˜|) ≡ |η˜〉 is given
by
|η〉 = exp
[∫ ∞
0
dκ (
1
2
f˜(κ)ηβκ,α ǫαβ η
γ
κ,β − ηγκ,α δαβ β†κ,β − ηβκ,α δαβ γ†κ,β + τ˜ (κ)β†κ,αǫαβγ†κ,β)
]
| − 1〉.
(7.13)
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Let us rewrite this coordinate representation in discrete basis. Introduce the discrete variables
η˜βκ =
∑
r≥
1
2
vr(κ)η
β
r , η˜
γ
κ =
∑
r≥
1
2
vr(κ)η
γ
r , (7.14a)
ηβκ,e =
√
2
∑
re
vre(κ)η
β
re
, ηγκ,e =
√
2
∑
re
vre(κ)η
γ
re
, (7.14b)
ηβκ,o =
√
2
∑
ro
vro(κ)η
β
ro
, ηγκ,o =
√
2
∑
ro
vro(κ)η
γ
ro
. (7.14c)
In terms of these discrete variables the coordinate representation (7.13) takes the form
|η〉 = exp
[ 1
2
∑
r,s≥
1
2
ηβr F˜rs η
γ
s −
∑
r≥
1
2
ηγr β−r −
∑
r≥
1
2
ηβr γ−r +
∑
r,s≥
1
2
β−r I˜rs γ−s
]
| − 1〉. (7.15)
Notice that |η〉 has an interpretation of the coherent state over the identity surface state in the
picture minus one. One finds in the continuous and discrete basis
〈η|λ〉 = N˜I exp
[∫ ∞
0
dκ
1
θ˜(κ)
(ηβκ,α cαβ λ
γ
κ,β − ηγκ,α cαβ λβκ,β)
]
, (7.16a)
〈η|λ〉 = N˜I exp
[ 1
2
∑
r,s≥
1
2
(ηβr ((1 + F )C)rs λ
γ
s − ηγr ((1 + F )C)rs λβs )
]
, (7.16b)
where θ˜(κ) = 1+ τ˜ 2(κ) and N˜I = det(1+ (CI˜)2)−1. The partitions of unity in the continuous and
discrete basis are given by
1 = N˜I
∫
dηβ dηγ dλβ dλγ exp
[
−
∫ ∞
0
dκ
1
θ˜(κ)
(ηβκ,α cαβ λ
γ
κ,β − ηγκ,α cαβ λβκ,β)
]
|η〉〈λ|; (7.17a)
1 = N˜I
∫
dηβ dηγ dλβ dλγ exp
[
−1
2
∑
r,s≥
1
2
(ηβr ((1 + F )C)rs λ
γ
s − ηγr ((1 + F )C)rs λβs )
]
|η〉〈λ|.
(7.17b)
Here
dηβ ≡
∏
r≥
1
2
dηβr , dη
γ ≡
∏
r≥
1
2
dηγr . (7.18)
The functional corresponding to string field |Ψ〉 in the minus one picture is given by Ψ(η) ≡
〈η|Ψ〉 = 〈Ψ|η〉. Inserting two partitions of unity (7.17) in the three-string superghost star product
|Ψ1 ∗Ψ2〉3 = 1〈Ψ1|2〈Ψ2|V˜3〉123 (7.19)
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one finally finds
(Ψ1 ∗Ψ2)(η3) =
∫
dηβ 1 dηγ 1 dηβ 2 dηγ 2Ψ1(η1)Ψ2(−η2)K(η1, η2, η3). (7.20)
Here the kernel corresponding to the three-string vertex (7.9) is given by
K(η1, η2, η3) ≡ 1〈η1|2〈η2|3〈η3|V˜3〉123 = N˜K exp
[∫ ∞
0
dκ
1
θ˜(κ)
ηβ aκ,α cαβ ⊗ χab ηγ bκ,β
]
, (7.21)
and
N˜K = det
(
1
4
(1 + F )2(2− F )) . (7.22)
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Appendices
A The three-string matter vertex
The Neveu-Schwarz three-string matter vertex and identity Neumann matrices are expressed in
terms of the real symmetric matrices F and CF˜ as [24]
M11 =
FCF˜
(1− F )(2 + F ) , M
12 =
CF˜ + (1− F )
(1− F )(2 + F ) , M
21 =
CF˜ − (1− F )
(1− F )(2 + F ) , CI =
CF˜
1− F . (A.1)
They satisfy the following cyclic property
Ma+1 b+1 = Ma b, ∀ a, b, a + 1, b+ 1( mod 3). (A.2)
These matrices are commuting and have the same as F and CF˜ set of eigenvectors∑
s≥
1
2
Mabrs vs(κ) = µ
ab(κ)vr(κ),
∑
s≥
1
2
(CI)rsvs(κ) = −τ(κ)vr(κ), (A.3)
the eigenvalues (3.19) are given in [17]. Note also that µab(−κ) = −µba(κ).
The hermitian matrices Frs and (CF˜ )rs are defined by
Frs = −2
π
ır−s
r + s
, r = s mod 2, F˜rs = −2
π
ır+s
r − s, r = s+ 1 mod 2. (A.4)
They have the following properties
F 2 − F˜ 2 = 1, [F, F˜ ] = 0, [F,C] = 0, F T = F, {F˜ , C} = 0, F˜ T = −F˜ . (A.5)
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B The three-string ghost vertex
The three-string Neveu-Schwarz superghost vertex in the minus one picture has the following
Neumann matrices
M˜11 =
FCF˜
(1 + F )(2− F ) , M˜
12 =
−CF˜ − (1 + F )
(1 + F )(2− F ) , M˜
21 =
−CF˜ + (1 + F )
(1 + F )(2− F ) , CI˜ = −
CF˜
1 + F
.
(B.1)
They have the same set of eigenvectors as the matter vertex matrices. The property µ˜ab(−κ) =
−µ˜ba(κ) is obeyed.
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